Abstract. We consider a quasilinear elliptic problem of the type
INTRODUCTION
In this paper we prove that the problem
has at least three weak solutions in the Sobolev space W 0 (Ω) whose norms are less than ρ. Existence and multiplicity results for problems involving the p-Laplacian or p(x)-Laplacian have been investigated in recent years by many mathematicians and three critical points theorem has been often used as a main tool in their proofs. Problem (1.1) has been studied by Ricceri in [15, 16] when p = 2 while in [13, 14] he formulated modified versions of the three critical points theorem and the existence theorems for both Dirichlet and Neumann problems with the p-Laplacian. Bonanno and Livrea obtained in [3] the existence of at least three weak solutions for the Dirichlet problem with the p-Laplacian when p > N and Carathéodory function satisfying appropriate growth conditions. By the similar assumptions Bonanno and Candito established in [1] the same result for the Neumann problem with the p-Laplacian. Existence of three solutions for the Dirichlet problem involving the p-Laplacian was also proved by Bonanno and Giovanelli in [2] by using the non-smooth version of the three critical points theorem established by Marano-Motreanu in [10] . On the other hand there are similar results for the problems driven by the p(x)-Laplace operator, for example Liu obtained in [9] the existence of at least three solutions for both Dirichlet and Neumann problems in which functions occurred satisfy the subcritical growth condition. In [11] Mihǎilescu proved the existence of at least three weak solutions for Neumann problem under the assumptions that inf x∈Ω p(x) > N ≥ 3 and the right hand side nonlinearity has the form f (x, t) = |t| q(x)−2 t − t, where q ∈ h ∈ C Ω : h(x) > 1 ∀x ∈ Ω and 2 < q(x) < inf x∈Ω p(x) for any x ∈ Ω. A few years later Wang, Fan and Ge established in [18] analogous result as above for more general f . Another multiplicity result for anisotropic variable exponent problems can be found in Stancu-Dumitru [17] . Finally, let us mention the papers of Gasiński and Papageorgiou [4] [5] [6] [7] where the multiplicity results (existence of at least three or five nontrivial solutions) for Dirichlet quasilinear boundary value problems are obtained using different methods than presented here (critical point theory based on the minimax theorems due to Chang). This paper generalizes the result of Ricceri [16, Theorem 4 ] to a general p-Laplacian with p > 1. Here we do not require the relation between N and p but we assume that the functions which occur in the right hand side of the studied equation satisfy subcritical growth conditions together with their antiderivatives.
PRELIMINARIES
In this section we recall some notions and facts needed in the proof of the main theorem. 
and that there exists a continuous concave function h
: I → R such that sup λ∈I inf x∈X (Φ(x) + λΨ(x) + h(λ)) < inf x∈X sup λ∈I (Φ(x) + λΨ(x) + h(λ)).
Then there exist ρ > 0 and an open interval
has at least three solutions in X whose norms are less than ρ.
Proposition 2.2 ([15, Proposition 3.1])
. Let X be a nonempty set, and Φ, Ψ two real functions on X. Assume that there are r > 0 and x 0 , x 1 ∈ X such that
Then for each ρ satisfying 
where (·.·) denotes the scalar product in R N . Moreover,
is weakly continuous and J (u) is compact.
Proof. Let X = W 1,p 0 (Ω) and denote by · the norm in X, by · i the norm in L i (Ω) and by c i the constant of the embedding
. We will show that T is defined on X.
Let u ∈ X. We have
In order to show that T (u) is defined on X for u fixed, let v ∈ X. Using the Hölder inequality, we obtain
The first term in T is C 1 and its Fréchet derivative is the first term in T (u) so we need to show that the second one belongs to C 1 (X; R). First we will show that J is Fréchet differentiable on X and then that J (u) is continuous. Put
We want to show that for all u, v ∈ X and ε > 0 there exists δ = δ(ε, u, p) > 0 such that
For any β, η > 0, we define
By the Mean Value Theorem, there exists θ ∈ (0, 1) such that
Hence, using the Hölder inequality, we obtain
, where σ ∈ (1, +∞) is such that
. Using the Hölder inequality again, we have
where
. Due to the definition of Ω 1 , we have the following estimates
and
, where a 5 := max a 3 , a 4 .
Assume that δ ≤ 1 and choose β so large that
If we put a 6 := 2 max a 1 , a 2 and use the same tools as above, we obtain
If we put a 7 := a 6 max 1, c
Since Z ∈ C 1 Ω × R; R , given anyε,β > 0, there existsη =η ε,β, p such that
In particular, ifβ := β and η ≤η, then
Chooseε so that c 1ε ≤ ε 3 . This determinesη, so take η :=η. Combining (2.2), (2.3), (2.4) and (2.5) yields
Eventually choose δ so small that
thereby obtaining (2.1).
In order to prove continuity of J (u), let u n → u in X. Then u n → u in L ν+1 (Ω) by the Sobolev Embedding Theorem. By the Hölder inequality,
From hypothesis z 2 , we have
Choosing α := ν+1 ν and using Proposition 2.3, we obtain that the map
We proved that J ∈ C 1 (X; R). To prove that J is weakly continuous, let u n u in X. By the Sobolev Embedding Theorem, u n → u in L ν+1 (Ω). Then using the Mean Value Theorem, hypothesis z 2 , the Hölder inequality and the Sobolev Embedding Theorem, we have
Using the same tools as above, we obtain
This means that J (u) is completely continuous so it is compact by Proposition 2.4.
PROOF OF THE MAIN RESULT
In this section we prove Theorem 1.1.
for all u ∈ X. From (1.4), there exist η ∈ (0, 1] and c > 0 such that
By assumption (1.3), putting
By Sobolev the Embedding Theorem, there exists c 2 > 0 such that
as γ < p * and then
If r > 0 and u p ≤ pr, then
By assumption sup ξ∈R F (ξ) > 0, so we can choose w ∈ X \ {0} in such a way that
If we put
then simple calculations show that
Further we fix μ ∈ [−δ, δ] and define functionals Φ, Ψ : X → R and function h : I → R by
where ρ is a fixed number satisfying
The functional Φ is convex and continuous so it is sequentially weakly lower semicontinuous (see [19, Proposition 41.8] ). Due to (1.2) and Proposition 2.5, the functional Ψ is continuously Gâteaux differentiable with compact Gâteaux derivative. For each u, v ∈ X one has
so the weak solutions of the problem
are the critical points in X of the functional Φ + λΨ. We will show that
Let u ∈ X. Since s ∈ [1, p) and (1.3) holds, we have the following estimate: All the assumptions of Theorem 2.1 are satisfied so there exists an open interval Λ ⊂ I such that, for each λ ∈ Λ, problem (1.1) has at least three weak solutions in X whose norms are less than ρ.
REMARKS
In this section we formulate some remarks which show that the assumptions of Theorem 1.1 cannot be omitted. 
